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ABSTRACT

It has long been thought that the reversed Cherenkov radiation is impossible in homogeneous media with a positive refractive index n. Here,
we break this long-held belief by revealing the possibility of creating reversed Cherenkov radiation from homogeneous positive-index moving
media. The underlying mechanism is essentially related to the Fizeau-Fresnel drag effect, which provides a unique route to drag the emitted
light in the direction of the moving medium and thus enables the possibility of dragging the emitted light in the opposite direction of the
moving charged particle. Moreover, we discover the existence of a threshold for the velocity Viedium 0f moving media, only above which,
namely, Vinedium > ¢/1?, the reversed Cherenkov radiation may emerge, where ¢ is the velocity of light in vacuum. Particularly, we find that
the reversed Cherenkov radiation inside superluminal moving media (i.e., Vmedium > ¢/1) can become thresholdless for the velocity of moving
charged particles.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0296513

Soon after the experimental discovery of Cherenkov radiation by
Cherenkov under the guidance of Vavilov in 1934," their finding was
successfully interpreted by Frank and Tamm in 1937 based on the clas-
sic electrodynamic theory."" According to the well-known Frank-
Tamm formula cos0 = ¢/nv, for stationary media,” the Cherenkov

Relativistic motion is widely known to have peculiar effects across
all domains of physics," ” especially on the electromagnetic interactions
of charged particles. One paradigmatic phenomenon is the Cherenkov
radiation,''® which is essentially induced by the relative motion
between charged particles and the surrounding medium with a refrac-
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tive index n. Specifically, Cherenkov radiation emerges when a charged
particle moves with a velocity v, exceeding the so-called Cherenkov
threshold, namely, the phase velocity ¢/n of light in the surrounding
stationary medium, where ¢ is the velocity of light in vacuum. One
powerful implication of Cherenkov radiation is its directionality across
a broad spectral regime, ranging from microwave to terahertz, infrared,
visible, ultraviolet, and X-ray."” '’ Accordingly, Cherenkov radiation is
of paramount importance to enormous practical applications,” >
including particle detectors for the identification of high-energy par-
ticles,” *” light sources at previously hard-to-reach frequencies,”” ™
bio-medical imaging,”* *® and photodynamic therapy.”” *’

radiation angle 6 is uniquely related to the particle velocity ve.
Moreover, the conventional Cherenkov radiation generally has
0 < 90° in stationary positive-index media with # > 0. Under this sce-
nario, the emitted light would propagate in the same direction as the
emitting particle.

In contrast, the reversed Cherenkov radiation***° has 0 > 90°,
so that the emitted light would propagate in the reversed or opposite
direction of particle motion. According to the pioneering prediction of
Veselago in 1968," the realization of reversed Cherenkov radiation
requires novel materials, namely, materials with a negative refractive
index. As a result, both theoretical prediction and experimental
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observation of reversed Cherenkov radiation are so far limited to the
framework of unconventional homogeneous materials (e.g., negative-
index materials’ ' and anisotropic materials’ *°) or judiciously
designed inhomogeneous structures (e.g., gain slabs”” and photonic
crystals™ ). In fact, it is widely believed that the reversed Cherenkov
radiation is impossible in homogeneous positive-index media. Here,
we reveal a universal route to create the reversed Cherenkov radiation
from homogeneous positive-index moving media. Our finding thus
breaks this long-held tenet.

In general, the surrounding medium is not necessarily stationary
but can be in motion. The moving media, such as the flowing water,
are ubiquitous around us. This way, it is natural to ask whether the
motion of positive-index media can provide an extra degree of free-
dom to enable the emergence of reversed Cherenkov radiation.
Somehow, this open scientific question remains underexplored; partic-
ularly, whether the creation of reversed Cherenkov radiation has any
fundamental restriction on the motion velocity of positive-index media
remains elusive.

To address this issue, we find the possibility to create the reversed
Cherenkov radiation from homogeneous positive-index moving media
by exploiting the Fizeau-Fresnel drag effect. The underlying mecha-
nism is that since the Fizeau-Fresnel drag effect is capable of dragging
the emitted light toward the direction of moving media, the Fizeau-
Fresnel drag effect provides the enticing possibility to drag the emitted

a
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light toward the reversed direction of moving charged particles. As
background, the Fizeau-Fresnel drag effect®’ ** was first postulated by
Fresnel in 1818,°" experimentally verified by Fizeau in 1851 and later
helped shape the theory of relativity””°” and facilitated the analysis of
quantum friction.””" Despite the long research history of free-
electron radiation’”*' and the Fizeau-Fresnel drag effect,”” ™ we
highlight that the intrinsic connection between the reversed
Cherenkov radiation and the Fizeau-Fresnel drag effect has never been
explored before. Moreover, we discover that the reversed Cherenkov
radiation may occur, only when the medium velocity vimedium €xceeds a
critical threshold ¢/n?, namely, Viedium > ¢/n%. That is, the reversed
Cherenkov radiation from positive-index moving media may emerge
when the medium velocity is either subluminal (ie., ¢/#* < Viedium
< ¢/n) or superluminal (i.e., Viedium > ¢/7n). Remarkably, under the
superluminal scenario with Vpedqium > ¢/n, we find the reversed
Cherenkov radiation becomes intrinsically thresholdless for the velocity
of moving charged particles.

Figure 1 shows the conceptual illustration of reversed Cherenkov
radiation via Fizeau-Fresnel drag. The Fizeau-Fresnel drag effect can
be vividly understood from the analysis of boat’s motion on the flow-
ing water in Figs. 1(a) and 1(b). Briefly speaking, while the boat moves
toward the —z' direction under the water co-moving frame S in
Fig. 1(a), the boat may become to move toward the +2Z direction under
the static river frame S in Fig. 1(b), due to the Fizeau-Fresnel drag

81
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FIG. 1. Conceptual schematic of reversed Cherenkov radiation via Fizeau-Fresnel drag. (a) and (b) Fizeau-Fresnel drag of boat via flowing water. A boat moves with a velocity
Vhoy toward the —2" direction under the frame S in (a), which is co-moving with water, namely, v}, , = 2’ - Vjo, < 0. Under the static riverbank frame S in (b), the water
moves with a velocity Vyater = ZVivater toward the +2 direction, and the boat can move with a velocity Vs toward the 42z direction if Vboatz = Z - Vioat = Vivater + vboatz >0
(i-6., Viater > |Vpoat2|)- (€) @nd (d) Fizeau-Fresnel drag of light via the moving medium. Under the frame S’ co- movmg with the medium in (c), an electron moves with a velocity
v, = fz'v and the medium at rest has a positive refractive index n. Accordingly, the induced light emission has v v - V4 > 0 and corresponds to the conventional Cherenkov
radiation, where ' is the group velocity of light under the frame S’. Under the static laboratory frame S in (d), the medlum moves with a velocity Vmegium = ZVinedium toward the
+2 dlrecyon gpd the electron has a veI00|ty Ve = —2Ve. The I|ght emission under the frame S can have V4 - Ve < 0 and corresponds to the reversed Cherenkov radiation if

Vgz = 02 > 0 (i, Vinedium > [Vg ,|), where v, =7 v gandvg, =2 - Vg

A-+Vinedium Vg, /
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applied by the flowing water on the boat. Similarly, the moving
medium can act like the flowing water and apply the Fizeau-Fresnel
drag on the propagating light emitted by charged particles (e.g., free
electrons used below), as schematically shown in Figs. 1(c) and 1(d).
Without loss of generality, below we assume that under the static labo-
ratory frame S in Fig. 1(d), the medium moves toward the +Zz direc-
tion with a velocity Vmedium = ZVmedium (€5 Vmedium > 0), and the
swift electron moves antiparallelly to the medium toward the —z
direction with a velocity of ve = —2zv, (i.e,, ve > 0).

We begin with the analysis under the medium co-moving frame &'
in Fig. 1(c). For conceptual illustration, we set that the static isotropic
medium is nondispersive, lossless and has a constant positive refractive
index n (n > 1). According to the Lorentz transformation, the electron
moves with a velocity of v, = —z'v., where v, = lffv"im
Vmedium > 0 and ve > 0, we have v, > 0. This way, under the frame §,
the swift electron also moves toward the —z’ direction. According to
the Frank-Tamm formula, when v > ¢/n, the emitted light generally
has v, - v, >0 and costl' = ¢/nv.,, where [Vg| = ¢/n is the group
velocity of emitted light under the frame §' and ¢’ is the angle between
vy and v, (or —2"). Accordingly, we have 0' = arccos(c/nv.) < 90°

Since

and v, = 2" - vy = —|vg|cos 0 = —c/n-c/nv, = = /n’v, < 0, as
schematically shown in Fig. 1(c). Since Véz < 0, the emitted light should
also propagate toward the —2" direction. This scenario essentially corre-
sponds to the emergence of conventional Cherenkov radiation under
the medium co-moving frame §' in Fig. 1(c).

We now proceed to the analysis under the static laboratory frame
S in Fig. 1(d). According to the Lorentz transformation, the group
velocity vq of emitted light under the frame S in Fig. 1(d) has

/
Vmedium + vg,z

1+ Vmediumvé‘z/c2

Voo =2 - Vg (1)
Upon close inspection of vy, in Eq. (1), its denominator is always posi-
tive, namely, 1 + vmedmmvfg‘z /¢t > 0, since |V£g,z‘ < ¢ and Vmedium < €
according to the relativity theory.

To enable the emergence of reversed Cherenkov radiation with
0 > 90° under the frame S, the emitted light should propagate to the

ARTICLE pubs.aip.org/aip/are

reversed direction of electron’s motion, namely, the +Zz direction,
where 0 is the angle between V4 and v, (or —Z) under the frame S. In
other words, v ; > 0 should be satisfied. Since the denominator of v, ,
in Eq. (1) is positive, this actually requires the numerator of v, in Eq.
(1) to be positive, namely,

Vmedium + VéJ = Vmedium — |vé>l| > 0. (2)
Since |v, .| = ¢ /n*v., Eq. (2) can be re-organized to
27,2 27,2
Viedium > € /n°V.  or V. > & /n*Vinedium- 3)

Moreover, since v; <, the necessary and sufficient condition
to enable the emergence of reversed Cherenkov radiation can be
obtained as

¢ > v, > /1 Vinedium. 4@
From Eq. (4), we must always have
Vmedium —> C/n2~ (5)

According to Eq. (5), the reversed Cherenkov radiation inside moving
positive-index media may emerge only when the medium velocity

Vmedium €xceeds the critical threshold Vi (R medium» Namely,
Vmedium ~> Vth,rCR,medium> where
— 2
Vih 1CR medium = /11" (6)

The scaling factor 1/n? could also be obtained via the geometric rela-
tion between the particle velocity and the group velocity of light, as
shown in Fig. S5.

On the other hand, Eq. (5) indicates that the reversed Cherenkov
radiation under the static laboratory frame S may emerge if the
medium velocity is either superluminal (Viedium > ¢/n) or subluminal
(¢/n* < Vmedium < ¢/n). For conceptual illustration, below n =2 is
used. To facilitate the understanding, the isofrequency contours of
light inside the moving medium under the frame S, which are widely
used in the analysis of quantum friction,” are plotted in Figs. 2 and 3.
Specifically, these isofrequency contours of light inside the moving

a kelko b € 2Vgequn/c=0.75 +max
8 160 Vinedium/C = 0.85
4 Vinedium/C = 0.75 LUN;L
— Sn
Vmedium/C = 0 \ g g g @
k /Ky 5,140 5 100 o E
kz=—k0—>——'8——'6—3§-— 8- o) < =T
1 K ' s | /c=0.55 8T
//Q k [as) Vmedmm c i~ © 3
~\© -4 region for Ww g
NP reversed 120k 0 >
’ Cherenkov v,
radiation . * * :
0 0.2 0.4 0.6 0.8 1 -100 0 100 -max
Vinedium > €/N (n = 2 for illustration) normalized electron velocity v,/c X (um)

FIG. 2. Reversed Cherenkov radiation inside superluminal moving media. Here and below, we set the refractive index n = 2 for illustration. (a) Isofrequency contours of
eigenmodes inside the moving medium. The dashed line corresponds to k, = —kp, where ko = w/c is the wavevector of light in vacuum and e is the angular frequency of
emitted light. (b) Dependence of the radiation angle 0 on the electron velocity ve for various Vmedium, Where 0 is the angle between the group velocity v of emitted light and v
(or —2). (c) Distribution of the electric field E, induced by the swift electron, where Viegium/¢ = 0.75 and ve /¢ = 0.3.
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FIG. 3. Reversed Cherenkov radiation inside subluminal moving media. Under the laboratory frame S, vi, cre(Vincr e) COrresponds to the threshold of electron velocity v, for
the conventional (reversed) Cherenkov radiation, and Vi cr medium = c/n? corresponds to the threshold of medium velocity Vimequm to enable the emergence of reversed
Cherenkov radiation. (a) Isofrequency contour of e|genmodes of light inside the moving medium with Vineigam /c = 0.45. (b) Dependence of the radiation angle 6 on the electron
velocity ve under various Vmegium- (C) Phase diagram of Cherenkov radiation in the Ve — Vinegium parameter space.

medium under the laboratory frame S are governed by

2 fz ” vmechum k N+ Vimedium © k NE—Vmedium © 0.+
ki + — @l — 2 = where
% MVmediam+C € % NVmedum—C € )

mc(hum
and k = Xk, + zk, are the angular frequency and the wavevector of
light, respectively. From this equation, both the symmetry center and
shape of the isofrequency contour essentially vary with the medium
velocity Vmedium- For example, distinct hyperbolic or elliptical isofre-
quency contours emerge in Figs. 2(a) and 3(a), which owes to the fact
that the response tensors of isotropic media in motion are the same as
that of stationary bianisotropic media."”

Figure 2 shows the superluminal scenario with Vimedium > ¢/n.
Since the swift electron and the medium move toward two reversed
directions, the electron velocity v = 1;’::/‘;7':1‘”’“/ under the medium
co-moving frame §' would increase monotonically with v.. This way,
we have the following inequality:

V. > min ( Ve + Vmedium ) _ _ Vet Vmedium S
1 + VeVimedium/ ¢ 1 + VeVinedium /€ [Ve = 0
(7)
Since Viedium > ¢/, Eq. (7) can be transformed into
v.>c/n for Vv €[0,c, if Vimedium > ¢/n. (8)

Moreover, since ¢/n = c¢/n - ZZ >c/n- VC/: = 2 /1n*Vimedium» Eq. (8)
can be re-written as

V> /0 Vimediam for  Wve € [0,¢],  if  Viedium > ¢/n. (9)

Equation (9) exactly corresponds to the necessary and sufficient condi-
tion to enable the emergence of reversed Cherenkov radiation in Eq.
(3). Essentially, Eq. (9) indicates that under the static laboratory frame
S, when the medium moves superluminally with Viegium > ¢/7, the
reversed Cherenkov radiation can occur for arbitrary electron velocity
ve and is thus thresholdless for the electron velocity.

This thresholdless feature can be further verified through the iso-
frequency contour analysis of eigenmodes of light in moving media in
Fig. 2(a). By enforcing the momentum-matching condition between
the swift electron and the emitted light along the 2 direction, the wave-
vector of emitted light under the frame S has k, = 2 - k = —/v..
Since 0 < v, <, these emitted light always has k, < —w/c. For
eigenmodes with k, < —w/c in Fig. 2(a), their group velocity always
has vz, > 0. Under this scenario, the emitted light always has v -
Ve = (2vgz) - (—2v.) < 0 and thus 6 > 90° in Figs. 2(b) and 2(c) for
arbitrary electron velocity v, indicating the occurrence of thresholdless
reversed Cherenkov radiation under the frame S.
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Figures 3 and 4 show the subluminal scenario with
¢/1n? < Viedium < ¢/n. Under this scenario, we find the existence of
electron velocity threshold v, rcre for the reversed Cherenkov radia-
tion in Figs. 3(a)-3(c), which is dependent on the medium velocity
Vmedium- Recall the two facts that the necessary and sufficient condition
to induce the reversed Cherenkov radiation is v, > ¢*/7*Viedium» a$
governed by Eq. (3), and meanwhile, that the electron velocity ve =
ﬁ under the frame S increases monotonically with v.. This
way, the reversed Cherenkov radiation under the frame S would
emerge only if Ve > Vi rcr e (See case 1in Fig. 4), where

/
Ve — Vmedium
/ 2 / — 2 2
1— 1/evmedium/ C Ve =c / N Vmedium

l/nz - vrzneclium/c2 (10)
C.
(1 - l/nz)vmedium/c

VthrCR.e =

a light emission under the static laboratory frame S

case 1: Vi, cre < Vet < C

Vg reversed CR:
VgVe <0
Ve = =2V, 6 6>90°
Vmedium
electron

Case 2: Ve, = Vinrcre

VQ
VgV, =0
Vo=-2v,, O S
Vmedium

electron

case 3: Vipcre < Ve < Vinrcrie

conventional CR:

Vg Ve >0

Vg
Ve = —ZVg3 x _
Vmedium

6 <90°
electron

conventional CR
VgVe >0

Vmedium
electron with v,

Vel = Vincre>€ - - - =2v,

medium
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According to Eq. (10), v rcre Would decrease from ¢ to 0 when the
medium velocity Viedium increases from c/n? to c¢/n, as shown in Figs.
3(b) and 3(c). This is consistent with the isofrequency contour analysis
in Fig. 3(a), where the emitted light would have v, >0 if
_w/Vth,rCR,e < kz = _w/Ve < —Q)/C (i.e., Vth,rCR,e < < C)-

Similarly, we also find the existence of electron velocity threshold
Vih,cre for conventional Cherenkov radiation, since the necessary and
sufficient condition for its emergence requires v, > c¢/n. This way, the
conventional Cherenkov radiation under the frame S would emerge
only if ve > v, cre (see cases 2 and 3 in Fig. 4), where

/

Ve Vmedium 1/ 1 — Vmedium / c

=—————~¢ (11)

VihCRe = T =
' 1- vévmedium/c2 Vé = C/n 1— 1/?1 . Vmedium/c

According to Eq. (11), vin cr.e Would decrease from ¢/n to 0 when the
medium velocity Vimedium increases from 0 to ¢/n in Figs. 3(b) and 3(c).

b light emission under the medium co-moving frame S’

case 1: 2/(N?Vyegium) < Vo4 < C

Vg
3
IR
<
TN e | ]
Ve=-2'Vy o
c/n? < |2"-Vg| < Vpequm  €lectron

case 2: V,, = c(N%Vmedium)

/

V,
Il /&
9/\\0/
—r — I
L=—2'V,, o 2
Ny = —
12V | = Viedgium — electron
. ! 2 2
case 3: ¢/n <V, 5 < /(NVieqium)
—
Ve Ieie
—r - sl C//7
Ve=—2ZVe3 24
il
Vinedium < 12"-Vg | < ¢/n electron
RI

electron with v;

Vimedium C/n2

FIG. 4. Underlying mechanism of reversed Cherenkov radiation inside subluminal moving media with ¢/n? < Vimegium < ¢/n under the laboratory frame S. (a) Light emission
under the static laboratory frame S. For case 1 with vy cre < Ve = Vo1 < ¢, the light emission under the frame S has V4 - Ve < 0 and 6 > 90°, which corresponds to the

reversed Cherenkov radiation. For case 2 with Ve = Ve = Vinicre, the light

emission under the frame S has Vg -Ve =0 and 0 =90°. For case 3 with

VinCRe < Ve = Ve3 < VincRe, the light emission under the frame S has v - Ve > 0 and 6 < 90°, which corresponds to the conventional Cherenkov radiation. (b) Light emis-
sion under the medium co-moving frame S'. For comparison, each case under the frame S in (a) is correspondingly re-plotted under the frame S’ in (b).
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Under this scenario, the emitted light always has vy, <0 if
7w/Vth,CR,e < kz = 7(1)/1/6 < 7w/Vth,rCR7e (i-e->
VihcRe < Ve < VihrCRe)» as shown in Fig. 3(a).

In conclusion, we have revealed the possibility to create the
reversed Cherenkov radiation from positive-index moving media by
exploiting the Fizeau-Fresnel drag effect. Remarkably, we have discov-
ered the existence of medium velocity threshold for the creation of
reversed Cherenkov radiation, namely, Vin :CR medium = ¢/n%, which is
solely determined by the medium’s refractive index. Specifically, we
have further found that the reversed Cherenkov radiation becomes
thresholdless for the charged particle velocity when the medium moves
superluminally. We highlight that the moving media, in principle,
could be effectively constructed, for example, by using spatiotemporal
materials,”” """ nonreciprocal graphene or metal biased with a drift
current,'”” ' and nonlinear materials under the illumination of laser
pulses.''”""* Due to the rich un-explored physics in the realm of
light-particle-matter interactions, our finding may spark the continu-
ous exploration of free-electron radiation (including reversed
Cherenkov radiation) in more complex yet exotic photonic systems,
such as spatiotemporal materials, nonreciprocal metasurfaces, and
nonlinear materials.

See the supplementary material for five sections, including deriva-
tion of Cherenkov radiation under the medium co-moving frame
derivation of Cherenkov radiation under the static laboratory frame S,
derivation of dispersion relation for moving isotropic media, deriva-
tion of the radiation angle 0 under the static laboratory frame S, and
more discussion on the reversed Cherenkov radiation via Fizeau-
Fresnel drag.
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Section S1: Cherenkov radiation under the medium co-moving frame S’

In this section, we begin with the analysis of conventional Cherenkov radiation under the medium co-moving frame
S’ using Green’s function method [42]. The notation and schematic are consistent with Fig. 1(c) in the main text.
Under the frame S, the medium is isotropic and nondispersive with a constant positive refractive index n (n > 1).
Here, without loss of generality, the source of radiation is a swift electron with a charge of q, which moves with a

velocity of Ug = —2've in Fig. S1.

electron

FIG. S1. Schematic of Cherenkov radiation under the medium co-moving frame S’. The electron moves with a
velocity of 7f = —2'v, the refractive index of the medium is set to be n.

From the Maxwell equations, we have

! ! = A aﬁl(f,‘ t’)
v XE(T,t)=—MoMrT (S1)
! 11! ( = T (= a o=l A
VXH T, t)=]F,t)+ &e, FT E'(F,t) (52)

where &, and p, is the permittivity and the permeability of the vacuum, respectively; &, and p, is the relative
permittivity and the relative permeability of the medium, respectively. Note that since we are studying a non-magnetic
medium, it is assumed that p. = 1. Taking the curl of both sides of equation (S1) and substituting equation (S2) into
equation (S1), we can obtain the wave equation as

9%E'(¥,t) B aJ'(,t")

VI X VI X E,('F’, tl) + Sll— — _‘u

at'2 at’ (S3)

where & = gy&, and u = pou,. To solve for the E'(#,t"), we need to know the current density J'(#,t"), which,
under this case, can be expressed as
J @'t = 2'ques(x)8(y) 5 (2" + vét") (54)
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Since Cherenkov radiation exhibits ¢’ symmetry in cylindrical coordinate system, we transform equation (S4) into
cylindrical coordinate system. Note that
[ e =1= [[ axaysase = [ 2nptdpsersw) (s5)
we have
SCB() = = 5(p") (56)
x)oly)= 2mp’ p
Thus, equation (S4) can be transformed into cylindrical coordinate system as
T (=1 41 Al 1 ! 14l 6([)’)
J'(T,t") =2"quid(z +vet)Fp’ (S7)
Since this source is not time harmonic, we transform equation (S3) and equation (S7) into frequency domain and

solve this partial differential equation using Green’s function method. The Fourier transform of the electric field and

the current source can be expressed as

_ 1 _ .

El(fl’wl) — EJ dt/ E,(f’, tl)elwltl (88)
TrAr o0 1 A+ piw't! s 4 —iwrz! /v ’
](T:w)=g dat]'(@,t")e ZZFZp’e ¢5(p") (S9)

Conversely, the time-domain values can be obtained by inverse Fourier transform as
B ¢) = f do'E (7', w')e—io'® (510)
J ) = f do'J' (7, w')e—i® (s11)
By substituting equations (S9)-(S11) into equation (S3) and using dispersion relation k'> = w'?eu, we can obtain

the wave equation under frequency domain as

' ’ Sre=1 .1 1250 0=1 .1 LTI =T A,i(u',uq —iwrzr /vl l;
VXV XEGF, 0)—-kE'F, o) =iy F, o) =2 4n2p,e iwrzifve §(p") (512)
Here, we define a vector Green’s function g'(p’,z") and let
Sre=r 0 T 1//—/// —1r 0 1 1//—///
E(r,w)=[HWVV]-Q(/J.Z)=g(p.Z)+?V[V -g'(p',2)] (513)

Substituting equation (S13) into equation (S12) and after some calculations, we have the wave function for g'(p’,z")

as
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Jiw'uq

e~iwrz/ves(p! S14
4np (" (514)

(V2 + k)G (p',2) =

We can further simplify equation (S14) by defining a scalar Green’s function g’(p’) and letting

=/ ! 1A /\I ! ! Mq - 1zr
g'pz)= (p) wrz1/ve (515)
Then we obtain
1d §(p")
——|p == - =—— S16
p'dp' ( dp 2 ] () = 2mp (516)

Note that the wave equation is written in the cylindrical coordinate system. For p’ # 0, the above equation becomes

1d d
+ k',] "©)=0 S17
i (P g) + ] 9@ (s17)
where

w? o c?
k!, = /k'Z—k;,Z: K2——=—n|1-—— (518)

vl c n?v}
Note that k. = —w'/ve. The equation (S17) is the standard zeroth-order Bessel equation. Since equation (S17)

exhibits a singularity at p’ = 0 and the solution to the equation should represent an outgoing wave due to causality,
we choose

g'(0) = CHg? (Ieyrp') (519)
The constant C can be determined by matching the boundary condition at p’ — 0. Integrating equation (S16) over

an infinitesimal area 2mp’dp’ and letting p’ — 0, we have

=-1 (S20)

Using the asymptotic formula for Hél) (k['),p’) ~ i(2/m)In (k[')rp') when p’ - 0, we obtain C = i/4 and thus

90 =51 (k) (s21)

Substituting equation (S21) into equation (S15) and equation (S13), we obtain
VAN q A17,12 2’ | g@ (0 1) ,—iwrzi/vl
E'(, o) = . [z k i o \% ] H, (kp,p ) e (522)

The z' axis and p’ axis components of the electric field can be further expressed as
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I =1 I q r 2 ! ’ —iw! !
Ezr(r ,(1)) = —Wkpr Hél) (kprp )e lwiz [ve (523)
T
ror—=r 0 q _(1), ’ (1) 1o —iwrzr v
£y 00 = g (5 R () e (s24)

The magnetic field can be further calculated using equation (S1) as
i . /
Hiy () = %k[’],Hl(l) (kpp') emormroe (525)

Thus, the time-domain values of electromagnetic field under the medium co-moving frame S’ can be expressed as

E,(#,t) = fda) 87Tw > — K’ IZH(gl) (k;)rp’)ei(“”lzl/”é“‘"t') (S26)
T
EL (@, t) = | do' —— LA PgnEY (kppr) it wemo'e) (527)
B 8mu eoer vy )P o'P

Hyy (7',t)) = f do' =k H (k p) i(-0'z" fre=w't") (528)

Section S2: Cherenkov radiation under the static laboratory frame S

In this section, we will solve for the field distribution under the static laboratory frame S, which corresponds to a

moving isotropic nondispersive medium. The notation and schematic are consistent with Fig. 1(d) in the main text.

Since the moving isotropic medium is equivalent to a bi-anisotropic medium [42], direct calculation of the field

distribution becomes challenging. Therefore, we use Lorentz transformation to solve for the field distribution under

the frame S. When the medium moves with a velocity of ¥inedium = ZVmedium, the Lorentz transformation of space

and time from frame S’ to S can be expressed as

p=p' (529)
b=’ (530)
z =y(z" + Vmediumt’) (S31)
ct=y (ct’ + vmeﬂz’) (832)
c
where y = — L s the Lorentz factor. For further convenience, we also write down the spacetime
1_vrznedium/cz

transformation from frame S’ to S as
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o =p (533)

¢'=¢ (534)
z' = y(Z = Vmedium?t) (S35)

r Vmedium
ct'=y (ct S z) (S36)

Before we transform the field distribution, we first transform the frequency w’ and the wavevector k' from frame

S" to S as
k, = k;), (S37)
1 w' ' VUmedium 1
k, =vk, + VVmedium —7 = @ V( > _,) (S38)
c c vl
_ 1 Y VUmedium
© = y(0' + Vmediumkyr) = 'y (1-——7— (S39)
e
By dividing equation (S39) by equation (S38), we find that
W
k,=—— S40
= (540)

'
Ve ~Vmedium

where v, =
€ 1-V¢Vmedium/Cc?

. Thus, due to the invariant property of the phase of the field distribution, the
ei-w'z'/ve=0't) of equations (S26)-(S28) can be transformed to e!(~® /ve=@) Meanwhile, the @’ and ky in

equations (S26)-(S28) can be transformed as

v .
w' = V(w - 17mediumkz) = wy <1 + w) (541)
e
wY(1 + Ymedium/V c?
k’/ — kp — ]/( medlum/ e)n 1— _ (542)
P c nzvé

Decomposing the field vectors into components parallel and perpendicular to the medium velocity ¥pedium, the

Lorentz transformation of the field distribution follows the following rule

E\(7,t) = Ej(7,t") (543)
— — V. i —
E,(Ft)=v (Ei(f’, t') — me:“‘m 2 X cB (¥, t’)) (S44)
— — v i —
HGFE =y (Hi(?’, t") + %z x D' (7, t’)) (545)

Equations (S43)-(S45) can be further rewritten as
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147

E,(7,t) = EL (7, t") (S46)

Ep (F: t) =vY (E;;’(F’: t’) + vmedium.uo.urH(;)’(f,' t,)) (54’7)

Hy(7,t) =y (H('p,(F’, t') + Vmediumo&r Ey (7' t’)) (548)

Substituting equations (S26)-(S28), (S33)-(S36) and (S41)-(S42) into equations (S46)-(S48), the field distribution

under the frame S can be obtained after some calculations as

E,(7,t) = fd(u k2 H(l)(k p)el-wz/Ve=w) (549)

E d VeVmedium 1 17medlum17e n2 H(1) k ) i(~wz/ve—-wt) S50

(7.0 = | doy® g (1+ =753 ) - (kpp)e (s50)
i .

Hy(F\t) = f dw%kal(l)(kpp)e‘(_“’ [ve=wt) (S51)

In order to demonstrate the time-domain field distribution by finite integration, we treat the current density and charge

density under the laboratory frame S having a Gaussian-shape spatial dependence as

2
8(p) 1 Lrer

r — 20z S52
J,(7,t) = —que6(z + vot) — 2mp O_Zme (S52)
8(p) 1 -leiveds
= — 20y S53

The Lorentz transformation of current density from frame S to S’ can be expressed as
];’ (f’: t’) = V]z (77: t) - vaediump(f' t) (554)
By substituting equations (S52)-(S53) into equation (S54), we can obtain the current density under the co-moving

frame S’ as

5(p') 1 _(Z"H’et )?
—z
L) = —quis(z + vit! e 20 (S55
]Z ) q e e )2 12 O_Zm )
where g, = (1+,,ef,7;e dium). Follow the same strategy, we can obtain the field distribution under frame S as
iz
o! —q _0Zw?
E,(Ft)= | d Oz 2H(1) k i(—wz/ve—wt) , " 2 12 S56
21 0) waz 8nweye, ( p)e € (S56)
_ Gz’ _iq Ve Vmedium vmedlumve (D) U w’
E )= do2 2 1+ 1— n? |k H k i(~wz/ve-wt) , 2 12 S57
() f (ugzy 87T€0£r1}e( c? )< c? ) (kpp)e ¢ (857)
2(02
Hy(r,t) = fd H(l)(kpp)el( wz/ve=wt) " 2 ve? (S58)
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148  The Fig. 2(c) in the main text is drawn using equation (S56) with 0, = 6um and integrating from -50 THz to 50
149  THz.
150

151 Section S3: Dispersion relation for moving isotropic nondispersive media

152 In this section, we will derive the dispersion relation for the moving isotropic medium under the laboratory frame S
153  using the kDB system [42] and use the isofrequency contours to analyze the directions of the group velocities for
154  specific eigenmodes. Generally, isotropic media in motion exhibit response tensors with the same structure as that of
155 stationary bianisotropic media [42], while their analytic properties differ [113-118]. The bianisotropy inherent to
156  moving media could be essentially characterized by the cross-coupling between the electric and magnetic fields
157  represented by cross-coupling tensors g? and {= , apart from common permittivity and permeability tensors & and f.
158  Specifically, when isotropic media with permittivity & and permeability ¢ move with a velocity Vpedium =

159  Zvpedium, the constitution relation of the resulting bianisotropic medium is given by

160 D=§-E+¢-H (859
161 B=C-E+ji-H (S60)
8(1 - vr%ledium/cz) 0 0 M(l - vr%ledium/cz) 0 0
) 1 — euv2 . gium . 1 — euvicdium
162 £= . (1= Vheaum/c?) | = . #(1 = Vhequm/c?) | (56D
1- S/'“]rznedium 1- S/'“]rznedium
0 0 £ 0 0 u
0 _ VUmedium (ng.u - 1) 0 0 vmedium(czgﬂ - 1) 0
- C2(1 - gﬂv?ﬂedium) _ 62(1 - gnuvgqedium)
163 §= vmedium(czg.u - 1) 0 0 ¢ = vmedium(czg.u - 1) 0 0 (562)
C2(1 - gﬂv?ﬂedium) 62(1 - gﬂv?ﬂedium)
0 0 0 0 0 0

164  where c is the light speed in vacuum. As a result from equations (S59)-(S62), the isofrequency contours could

165 manifest themselves as a hyperbolic or elliptical shape [42].
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To further obtain the dispersion relation in a more convenient way under the kDB system [42], the so-called EH
representation of constitution relation in equations (S59)-(S62) could be equivalently transformed to DB

representation as follows

E=k-D+j-B (S63)
H=y%-D+7v-B (S64)
The constitutive tensors in equations (S63)-(S64) can be expressed as
K 07
k=0 k O (S65)
[0 0 K]
v 0 0]
=0 v 0 (S66)
0 0 v,
0 x O
X=v"=|-x 0 0 (867)
0 0 O
_ Czﬂ(l_vrzne ium/cz) — — ng(l_vrzne ium/cz) — _ VUme ium(nz_l)
where k = —nz_v[znemdum/cz , k,=1/e, v= —nz_v[zned‘:um/cz , v,=1/u and y= —nz_irznedium/cz are the

corresponding constitutive parameters. In order to generate dispersion relation from the constitutive relations, we
transform the constitutive relations equations (S65)-(S67) from xyz system to kDB system. The kDB system
consists of three unit vectors é;, &, and é;. The unit vector é; is in the direction of the wavevector k such that
k = é;k, whichisalsointhe # direction under spherical coordinate. The unit vectors é, and &, are in the direction
of @ and —¢, respectively. Thus, the unit vectors é, and &, form the DB plane since the field vectors D and

B are always perpendicular to the wavevector k. For an arbitrary vector A in xyz coordinate system, its

corresponding vector A, can be obtained as

_ sin ¢ —cos¢ 0
A, =T-A=|cosOcos¢ cosOsing —sinf|-A4 (S68)
sinfcos¢ sinfsing cosb
The inverse of T can be simply calculated as
_ sin¢g cosBcos¢p sinbcose
T 1= [— cos¢ cosfsing sinf sin ¢l (S69)
0 —sinf cos 6
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The constitutive relations in xyz system can be transformed to kDB system as

where

alll

Ekz

Hy =7y - Dy + V. - By,

i, =T K
)?k:T')?
Ve=T-7
V=TV

« Di +

Xk - Bk (S70)
B (571)
Tt (572)
Tt (573)
Tt (S74)
T (S75)

Substituting equations (S65)-(S69) into equations (S72)-(S75), we can obtain the constitutive tensors under kDB

system as
k¢ 0 0
7, =|0 Kcos®O +k,sin*60 (k — k,)sin6 cos b (S76)
[0 (k—Kk,)sinBcosH Kksin®6 + K, cos* O
[v 0 0
P, = |0 vcos?8 +v,sin*6 (v—v,)sinbcosb (S77)
[0 (v—v,)sinfcosH vsin®6 +v,cos* 0
0 xcosf ysinf
I =7Vik =|—xcosb 0 0 (878)
—xsin@ 0 0

Substituting equations (S70)-(S71) and equations (S76)-(S78) to Maxwell equations k X E, = wBy, k X H, =

—wD), and using the condition of k = é;k under kDB system, we obtain

[K11
K21

[V11
V21

K12 D1] _ [ X1 Xiz—Uu 31]
Kzz] [Dz T e tu X22 ] B, (579)
V12 31] _ [ Y Yiztu [D1]
sz] [Bz - [V21 —u V22 ] D, (580)

where u = w/k. Note that B; = D3 = 0 since k- B, =0 and k- D, = 0. By eliminating B, we can obtain the

following equation for D as

1— (u— ycos8)?/[k(vcos? 8 + v,sin?§)]

0

0 [AREE

1— (u— ycos8)?/[v(kcos? 8 + Kk, sin? 9)]

S10
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As can been seen from equation (S81), there are two cases of nontrivial solutions. For D; #+ 0 and D, = 0, we have

1—(u—ycos6)?/[k(vcos?8 +v,sin?8)]=0. For D=0 and D, #0, we have 1— (u— ycosf)?/

c? (1_vr2nedium/cz)

2_q2 2
n 1’medium/c

[v(k cos? 8 + k, sin? 8)] = 0. However, since kv, = k,V = these two cases are degenerate and
share the same condition. Substituting kZ = k? cos® 6 and kZ + kj = k?sin* 6 into this condition, we obtain the

dispersion relation as

2 2.2
C% — NV g nc + Vmedium @ NC — Vmedium @
k,% + k32, + - 2medlum [k _ me 1um_] . [ _ me 1um_] =0 (582)
C® — Vhedium NVmedium t € € NVmedium — € €
Without loss of generality, for the eigenmodes with k = £k, + 2k, (ky = 0), we have
c% —n2v2 . Nnc+ Vpegi NC — Vimedium ©
kgzc + medium [ _ medi _] . [ _ medium _] -0 (583)
c?— 17rznedium NVmedium 1 € € NMVmedium — € €

In order to analyze the directions of the group velocities 7, for eigenmodes with specific wavevectors k, we draw
the isofrequency contours with Vyedium/¢ = 0.45 and Vpeqium/¢ = 0.75 in Fig. S2, which correspond to
subluminal scenario and superluminal scenario, respectively. For conceptual illustration, below n = 2 is used. The
dashed curves correspond to the same vV eqium at @ slightly higher frequency. The directions of the group velocities
for specific wavevectors should originate from the solid curves towards the dashed curves.

a k Kk

" %106 106

/c=0.75

7
/’ Vmedium/C =045 Vmedium

FIG. S2. Directions of the group velocities for specific wavevectors. Here and below, we set the refractive index

n = 2 for illustration. (a) and (b) are isofrequency contours correspond t0 Vi edium/C = 0-45 and Vyedium/C =
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0.75, which correspond to subluminal scenario and superluminal scenario, respectively. The dashed curves

correspond to the same medium at a slightly higher frequency.

Section S4: Derivation of the radiation angle 8 under the static laboratory frame S

In this section, we derive the radiation angle 6 under the static laboratory frame S through equation (S83). The
radiation angle 6 under the frame S, which is the angle between 7, and the moving direction of electron v, (or

—Z), and can be easily defined as

v,
6 = arccos | ——22 (S84)

2 2
. f Vgz t Vgp

Since vy = ‘;—:, the p (2) component of 7, can be easily calculated through equation (S83) as

_ Jw _ _kp(l - vrznedium/cz)
Vgp = @ =

= (S85)

k
(nzvmedium - 17medium) C_i - (nz - vrznedium/cz) C_Z

w
dw kz(nzvrzneclium/c2 - 1) - (nzvmedium - vmedium)c_z
Vo, = — = (586)

827 ok, k w

2 - Rz _ (2 _ 32 2) Y

z ("*Vmedium — Vmedium) c2 (7’1 Vhedium/€ )CZ

wy(1+v, i Ve) c? .
where k, = v m:d'“m/ “n [1——7 and k, = —w/v, are components of corresponding wavevector and
n2vg
1 .
y = ———— is the Lorentz factor.

—p2 2
1 17medium/c

Section S5: More discussion on reversed Cherenkov radiation via Fizeau-Fresnel drag

S5.1 Influence of the moving-medium velocity on the symmetry center and shape of the isofrequency contour

In this subsection, we show the influence of the moving-medium velocity on the symmetry center and shape of the
isofrequency contour. The medium velocity Vyeqium 1S @ key parameter to determine both the symmetry center and
the shape of the isofrequency contour. On the one hand, we show in Fig. S3(a) that the position of symmetry center

o MZ2=1Dvgedi c .
) . medlum/ is a

along the k, direction of the isofrequency contour, namely K, symmetry(®, Vmedi PRI S
medium
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243

244

245

246

247

248

249
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251

252

function of both the frequency w and the medium velocity vVyedium, Where n is the refractive index under the
medium co-moving frame. On the other hand, by increasing the medium velocity, we show the explicit topological
transition of the isofrequency contours in Figs. S3(b) and S3(c), whose shape evolves from a circle to a set of ellipses

in the subluminal scenario in Fig. S3(b), and to a set of hyperbolas in the superluminal scenario in Fig. S3(c).

w (nz 1)Vmedium/C o .
a =X L/ medum ~ b subluminal: v, .qum < €/N
kz,symmetry c n Vmedlum/C -1 n;{et}zz\)/c)
T T T T z
increasing
10 E Vimedium / X/(CU/C)
6V 6
superluminal :
region
¥
I}
7
Y
I 3
&

superluminal: Vyggium > €/N

kl(wic)
12}
\.
subluminal . .
-12
61
,\

kz,symmetry/ (w/ C)

region

10 L J

increasing Vedium

FIG. S3. Influence of the moving-medium velocity on the symmetry center and shape of the isofrequency
contour. For illustration here, the refractive index n = 2. (a) Dependence of the symmetry center of the isofrequency
contour on the medium velocity. (b) and (c) Isofrequency contours of the moving media with various medium
velocities. As the medium velocity increases in (a), the position of the symmetry center K, symmetry along the k,
direction moves from 0 towards —oco in the subluminal case and from +co towards w/c in the superluminal case.

For the subluminal scenario in (b), the isofrequency contours evolves from a circle at Vpeqium = 0 to asetofellipses
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for viedium < ¢/n. For the superluminal case with vpegium > ¢/n in (¢), the isofrequency contours are a set of

hyperbolas.

S5.2 Influence of nonparallel directions between the particle and medium velocities on reversed Cherenkov

radiation via Fizeau-Fresnel drag

In this subsection, we discuss the influence of nonparallel directions between the particle and medium velocities on

reversed Cherenkov radiation via Fizeau-Fresnel drag. Intriguingly, nonparallel moving directions between the

particle velocity and the medium velocity could result to asymmetric excitation of eigenmodes of light and the

simultaneous emergence of reversed and conventional Cherenkov radiations. In Figs. S4(a) and S4(b), we

conceptually show the asymmetric excitation of Cherenkov eigenmodes via the intersections between the nonparallel

particle dispersion line and the isofrequency contour of moving media. We further highlight in Fig. S4(c) the

simultaneous emergence of reversed and conventional Cherenkov radiations, by showing the dependence of

Cherenkov radiation angles on nonparallel particle velocities.
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a

real space V, = (X sind - Z coso)v,

Vmedium = ZYmedium

\N- z

Ve,parallel (6

o

°)

b wavevector space k -
E.

k- Ve,parallel =w

Ve =W

Ve,nonparallel =w

¢ asymmetric excitation of Cherenkov radiation

180 T T T T
reversed Cherenkov radiation

150 ]
6=30°'. 04
120 . = ]
. 6’=—0_-91 s
m -
e
) ;30"'.
S 9ot D -

k,lk, K,k

60 9
|
|
I pp——
i o0=0°

30 | — 5=30° ]
|
I
: conventional Cherenkov radiation

0 1 1 1 1
0 0.2 04 0.6 0.8 1
/c

Ve

FIG. S4. Influence of nonparallel directions between the particle and medium velocities on reversed Cherenkov
radiation via Fizeau-Fresnel drag. Here we use v,/c = 0.2 in (b) and vjegium/c = 0.45. (2) and (b) Conceptual
illustration of Cherenkov radiation from the charged particle with nonparallel velocity to the moving medium. (c)
Dependence of the Cherenkov angles on the particle velocity under nonparallel and parallel cases. Without loss of
generality in (a), we use the particle velocity 7, = (Xsind — Zcosd)v, under both parallel (6 = 0°) and
nonparallel (8 # 0°) particle velocities. In (b), the particle dispersion line is governed by k- ¥, = w, whose
intersections with the isofrequency contour indicate the excitation of Cherenkov eigenmodes. The corresponding
Cherenkov angles between the particle velocity and group velocities of these eigenmodes are denoted by 6; and 6,.
As aresult in (c), while 6; = 8, in the conventionally parallel case of § = 0°, nonparallel directions between the
particle and medium velocities (e.g., § = 30°) yields asymmetric excitation of Cherenkov eigenmodes with 8; #

6,. Upon close inspection, this asymmetric excitation could enable the simultaneous emergence of reversed and
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conventional Cherenkov radiations with 6; > 90° and 6, < 90° at certain particle velocities (e.g., 0.2¢c < v, <

278

0.4¢).

279
S5.3 Geometric explanation of the moving-medium velocity threshold for reversed Cherenkov radiation via

280

281
Fizeau-Fresnel drag

282
In this subsection, we provide a geometric explanation of the moving-medium velocity threshold for reversed

283
Cherenkov radiation via Fizeau-Fresnel drag. The underlying mechanism of our revealed reversed Cherenkov

284
radiation is that the moving media drag the emitted light towards the reversed direction of moving charged particles.

285
As such, the medium velocity threshold for reversed Cherenkov radiation is quantitatively related to the minimum

286
group velocity component along the direction of the particle motion under the medium co-moving frame S’, namely

287
Vth,rCR medium = min|17é,2|. On this basis, we show in Fig. S5 that the scaling factor of 1/n? can be simply

288
constructed via the geometric relation between the particle velocity and the group velocity of light.

frame S': frame co-moving with medium

289
Vg

electron

n2

Vth,rCR,medium =

290

291 FIG. S5. Geometric explanation of the moving-medium velocity threshold for reversed Cherenkov radiation

via Fizeau-Fresnel drag. The origin of scaling factor of 1/n? lies in the z-component of the group velocity of

292

293 light.
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S5.4 Influence of the frequency dispersion and material loss on reversed Cherenkov radiation via Fizeau-

Fresnel drag

In this subsection, we discuss the influence of frequency dispersion and material loss on reversed Cherenkov radiation

via Fizeau-Fresnel drag. In principle, our revealed reversed Cherenkov radiation could remain valid in media with

reasonable dispersion and losses. The underlying reason is that the frequency dispersion and the moderate material

loss do not fundamentally alter the direction of the group velocity of the reversed Cherenkov radiation, although they

can modify its magnitude to some extent.

Specifically, below we derive the general expressions for the direction and magnitude of the group velocity:

v k,(1—v2cdium/C?
Orcr = Re {arctan (— &P )} = Re< arctan > p( medium/ ) W (587)
Vg z kz(S(a)’)Umedium/cz - 1) — (e(@")Vmedium — 17medium)c_2

lJ ! w
kz(f(a) )vgqedium/cz - 1) - (S(w )vmedium - 17medium)c_2 (588)
Vgz = k w 1lw? Vmedium ) 0€(w")
(S(w’)vmedium - vmedium) C—S - (g(a)') - vl%’ledium/cz) c2 2¢? (1 + m?ﬂ(::um) ow

_ _kp(l - vlgﬂedium/cz) $89
vg,p B I kz 1 2 2\ W 1w? Vmedium 2 ag(w,) ( )
(e(w )vmedium - vmedium) 2z (S(w )— vmedium/c )C_Z 22 (1 + Ve ) 9w

where 6.cg is the angle between the particle velocity ¥, = —Zv, and the group velocity Uy = Zv,, + pUg, of the
reversed Cherenkov radiation, and &(w’) = n?(w’) is the dispersive and dissipative relative permittivity under the
medium co-moving frame [42]. A close inspection of the expression of 6,.cg in equation (S87) shows two facts. First,
there is no emergence of the frequency-dispersion related term de(w’)/dw in equation (S87), indicating the
frequency dispersion of material would not change the direction of group velocity of the emitted reversed Cherenkov
radiation. In fact, this frequency-dispersion related term only shows up in equation (S88-S89), indicating this term
may modify the magnitude of group velocity to some extent. Second, the material loss manifests only via the real-
part operator Re{-} in equation (S87). Together, these two facts indicate that the reversed Cherenkov angles in
dispersive and dissipated moving media are relatively consistent with those in nondispersive and lossless media, as

shown in Figs. R4(a) and R4(b). Meanwhile, on the basis of equation (S87), the generalized form of the medium
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330

velocity threshold required for the emergence of reversed Cherenkov radiation in presence of reasonable frequency
dispersion and material loss is obtained as

VthrcRmedium = Re{c/e(w")} = Re{c/n*(w")} (590)
According to equation (S90), we show in Fig. S6(a) that the reasonable material would have negligible influence on
the medium velocity threshold v, rcr medium- Above this threshold, we further show in Fig. S6(b) that the realistic

material dispersion and loss would to some extent broaden the angular distribution of reversed Cherenkov radiation.

— nondispersive & lossless: ¢, = n3
— dispersive & lossy: &(w') = €.~ wi/(w'?+ iMfw'?)
180 5

nondispersive & lossless
Cherenkov angle: 6,z 0|

" " = 51
oy a ﬁvth’rCRme‘jium/C - S b Vinedium> Vih.rcrmedium

3 "Re(1/n2(wp) = 1/n3 —
S 150 . 3
< : =
%120 : -
o : S

— 3

S} - reversed CR| § <

5 90 . 1 &3

(%) 1 —
; conventional CR -

60 e : h A = 0 ] ) .
0 0.2 0.4 0.6 0.8 1 — 90 100 110 120 125
Vmedium/C w 6 (degree)

FIG. S6. Influence of the frequency dispersion and material loss on reversed Cherenkov radiation via Fizeau-
Fresnel drag. Here v,/c = 0.9999. For conceptual illustration, we set that the dispersive and dissipative medium
has a relative permittivity of &.(w") = n?(w") = &, — oug/(ou’2 + il'w"), where &, = 20, w,/2m =40 THz,and
I'/2m = 0.5 THz. Atthe working frequency under the medium co-moving frame wg/27 = WY (1 + Vmedium/Ve)/
2m =10 THz, n(wg) = ny +i0.2 = 2 +i0.2. (a) Dependence of the Cherenkov angle on the moving-medium
velocity. (b) Angular field distribution |E,(6)| = |0E,(r,t)/08| = | f:::’jfj dw E,(6,w)| over a bandwidth
Aw/wg = 1%, where Vpedium = 0.45C > Vip rcR medium- AS shown in (a) and (b), the reversed Cherenkov angle

and the medium velocity threshold remain qualitatively valid in presence of both the frequency dispersion and

material loss.
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S5.5 Connection to quantum friction

In this subsection, we briefly discuss the conceptual relations of our findings to quantum friction. Our revealed

Cherenkov radiation is conceptually relevant to quantum friction in terms of the basic mechanism of motion-induced

Fizeau-Fresnel drag and the widely-used isofrequency contour arguments for moving media. Yet, while the radiation

in quantum friction typically originates from the thermal or quantum fluctuation, our revealed reversed Cherenkov

radiation has a unique physical origin from the interactions of charged particles with moving media.
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